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A new technique is presented for evaluating the effective properties of linearly elastic, multi-phase uni-
directional composites. Various effects on the ﬁber/matrix interfaces (perfect bond, homogeneously
imperfect interfaces, uniform interphase layers) are allowed. The analysis of nano-composite materials
based on the Gurtin and Murdoch model of material surface is also included. The basic idea of the
approach is to construct a circular inhomogeneity in an inﬁnite plane whose effects on the displacements
and stresses at distant points are the same as those of a ﬁnite cluster of inhomogeneities (ﬁbers of circular
cross-section) arranged in a pattern representative of the composite material in question. The elastic
properties of the equivalent inhomogeneity then deﬁne the effective elastic properties of the material.
The volume ratio of the composite material is found after the size of the equivalent circular inhomoge-
neity is deﬁned in the course of the solution procedure. This procedure is based on a semi-analytical solu-
tion of a problem of an inﬁnite plane containing a cluster of non-overlapping circular inhomogeneities
subjected to loading at inﬁnity. The method works equally well for periodic and random composites
and – importantly – eliminates the necessity for averaging either stresses or strains. New results for
nano-composite materials are presented.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Determination of the effective elastic properties of composite
and perforated materials is a central goal of micromechanics and
the subject of numerous papers. Early work in this direction re-
sulted in several so-called effective medium theories (e.g. the com-
posite cylinder model, the self-consistent method, the Mori–
Tanaka method, the generalized self-consistent method). A com-
prehensive review of these methods can be found in Christensen
(1990). These developments were accompanied or followed up
by theories based on variational principles that allowed one to ob-
tain rigorous bounds on effective properties. Reviews of these
methods can be found in Torquato (2002) and Milton (2002).
With rapid progress in computing it became possible to calcu-
late the overall properties of an equivalent homogeneous material
directly from the properties of microstructural elements. Two con-
cepts are typically employed in such calculations: (i) the concept of
a representative volume element (RVE) or (ii) the concept of a
repeating unit cell (RUC). The RVE is typically understood as a vol-
ume that is sufﬁciently large to be statistically representative ofll rights reserved.
: +1 612 626 7750.
skaya).the composite material and a volume in which averaging leads to
sufﬁciently accurate effective properties. In general, RUC involves
fewer inhomogeneities (often as few as one) and is used to analyze
composites with periodic structure. Both concepts require solu-
tions of boundary value problems with different types of boundary
conditions (periodic conditions for RUC and homogeneous traction
or linear displacement conditions for RVE), which are solved with
either ﬁnite element or boundary element methods. The choice
of the proper concept (RVE vs. RUC), the size of RVE or RUC, and
type of boundary conditions for the corresponding boundary value
problem are not clear matters and are themselves the subject of
signiﬁcant research (see Drago and Pindera (2007) for a compre-
hensive review of the relevant literature).
In the present paper we suggest a new technique of evaluating
the transverse effective properties of linearly elastic, transversely
isotropic, unidirectional multi-phase composites. Instead of con-
sidering a ﬁnite region (RVE or RUC), we consider a small cluster
of ﬁbers (arranged in a pattern representative of the composite
material in question) in an inﬁnite plane with the same properties
as those of the composite material’s matrix. We use the term ‘‘rep-
resentative pattern” to characterize the manner in which the clus-
ter is selected. The distinction between the concepts of RVE, RUC
and ‘‘representative pattern” is illustrated in Figs. 1 and 2.
As can be seen from Fig. 1c and Fig. 2b, the cluster (representa-
tive pattern), while reﬂecting the structure of the analyzed
a b c
Fig. 1. Fibers arranged in hexagonal arrays: (a) RVE with homogeneous traction or linear displacement boundary conditions, (b) RUC with periodic boundary conditions and
(c) representative pattern with load at inﬁnity.
a b
Fig. 2. Random array of ﬁbers: (a) RVE with homogeneous traction or linear displacement boundary conditions and (b) representative pattern with load at inﬁnity.
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description of RUC or RVE. In our method there is no need to
choose either the boundary conditions or the volume. We show
that, under loading at inﬁnity, the cluster affects the displacements
and stresses at distant points in the same way as an equivalent cir-
cular inhomogeneity with the effective elastic properties. These
properties can be obtained by using simple algebraic formulae pro-
vided that the elastic ﬁelds outside of the cluster are known. The
volume ratio or porosity of the composite material is found after
the size of the equivalent circular inhomogeneity is deﬁned in
the course of the solution procedure. The method works equally
well for periodic and random composites and it is independent of
any uniform loading conditions at inﬁnity.
Our method is applicable for composites involving coated ﬁbers
or nano-scale inhomogeneities in which surface effects may signif-
icantly inﬂuence the effective properties. The surface effects can be
accounted for using the model proposed by Gurtin and Murdoch
(1975, 1978). In this model, the interfaces between the inhomoge-
neities and the matrix are regarded as material surfaces that pos-
sess their own mechanical properties and surface tension. So far,
the inﬂuence of surface elasticity and surface tension on the overallbehavior of solids has been studied only in the framework of effec-
tive medium theories (see Duan et al., 2005; Chen et al., 2007),
which cannot capture detailed features of the interactions between
the nano-inhomogeneities.
The present approach is based on the semi-analytical solution of
the problem of a plane loaded at inﬁnity and containing a cluster of
non-overlapping, circular, elastic inhomogeneities and/or holes.
Solutions of this kind were presented in Mogilevskaya and Crouch
(2001, 2002, 2004) for different cases of conditions on the ﬁber/
matrix interfaces (perfect bond, homogeneously imperfect inter-
faces, uniform interphase layers). In Mogilevskaya et al. (2008),
similar solution is presented for a problem of a cluster of nano-
inhomogeneities and/or nano-pores based on the Gurtin and Mur-
doch model. The analyses in these papers were based on the solu-
tion of complex hypersingular integral equations with the
unknown displacements and tractions at each circular boundary
approximated by a truncated complex Fourier series. Apart of
round-off, the truncation of series is the only source of error intro-
duced in the numerical model because inﬁnite Fourier series pro-
vide the analytical solution for this class of problems. As a result,
the solutions reported in Mogilevskaya and Crouch (2001, 2002,
Fig. 3. A single inhomogeneity in an inﬁnite plane.
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involving numerous inhomogeneities or/and holes with arbitrary
elastic properties and sizes with any desired degree of accuracy
by increasing the number of terms of the Fourier series.
Our equivalent inhomogeneity approach should not be con-
fused with Eshelby’s (1957, 1959) equivalent inclusion method.
Eshelby considers the problem of a single ellipsoidal inhomogene-
ity embedded in an inﬁnite matrix loaded at inﬁnity and a second
problem of a homogeneous plane containing an identical ellipsoi-
dal region undergoing homogeneous transformation strains
(eigenstrains). He then ﬁnds eigenstrains in the second problem
such that the stress ﬁelds in both problems are identical every-
where. In our case the stresses in the vicinity of an equivalent inho-
mogeneity are likely to be different from those present in the
solution of the cluster problem.
The idea of using an embedded equivalent inhomogeneity to
determine effective properties has been used in a different manner
by Shen and Yi (2001). In their analysis a ﬁxed ellipsoidal RVE
(with the pre-deﬁned volume fraction of the ﬁbers) is embedded
in an inﬁnite homogeneous matrix. To determine the effective
properties they assume that the so-called interaction energy due
to RVE and those due to equivalent inhomogeneity of the same shape
and size are the same. This assumption is one possible approach to
determinations of the effective properties and, without introducing
the concept of equivalent elliptic inhomogeneity, was in a sense
advocated by Eshelby’s (1957). In his paper Eshelby describes the
approach for composites with dilute distribution of inhomogenei-
ties (no interactions). In the analysis of Shen and Yi (2001), the
effective properties are expressed in terms of average strains (or
eigenstrains) within each inhomogeneity. To obtain those averages
Shen and Yi adopt simplifying assumptions of Kachanov (1987)
and of Rodin and Hwang (1991) that the interaction between indi-
vidual inhomogeneities is adequately described by the averages of
transformation strains alone.
In contrast, in our approachwe exploit the fact that for a cluster of
inhomogeneities embedded in an inﬁnite domain, the solution far
away from that clusterbehaves the sameas that for a single equivalent
circular inhomogeneity (whose size and properties are not known a
priori), independently of the actual arrangement of the inhomogene-
ities in the cluster. A somewhat similar idea is behind the so-called
fast multipole method suggested in Greengard and Rokhlin (1987).
In our approachno simplifying assumptions have to bemade andhighly
accurate (semi-analytical) algorithms can be used to solve the prob-
lem of an inﬁnite plane with multiple interacting inhomogeneities.
Furthermore, as we comment more extensively in Section 5, the
methodology presented in this paper may have signiﬁcant implica-
tions for experimental determination of the effective properties of
composite materials. Such experiments will be of particular value
in studying overall behavior of nano-composites.
After this paper has been completed, it has been brought to our
attention that a somewhat similar concept has been employed by
McCartney and Kelly (2008) to estimate thermoelastic properties
of particulate composites. Their approach follows that of Maxwell
(1873) who used it to determine effective electrical conductivity
for non-interacting suspension of particles. The only common fea-
ture between our work and that of McCartney and Kelly is (as in
Shen and Yi (2001) cited above) the use of embedded equivalent
inhomogeneity. All other aspects of analysis are signiﬁcantly dif-
ferent. McCartney and Kelly do not account for interaction be-
tween the particles and for the geometrical arrangement of the
cluster, while we do. Consequently, their approach can provide
only approximate results, especially for high volume fractions. In
particular, for porous materials, the percolation threshold resulting
from their analysis always corresponds to the porosity equal to 1.0,
whereas it is known that for some materials it can be as low as
0.6046 (Day et al., 1992).We believe that the restriction of our approach to isotropic
composites is only technical, not conceptual. In principle, when
geometrical arrangement of (isotropic) particles leads to aniso-
tropic effective properties, the same approach can be considered,
provided that the solution of a single inhomogeneity with corre-
sponding degree of anisotropy is available. In this case more
parameters characterizing the overall anisotropy have to be found
and, consequently, a bigger number of coefﬁcients is likely to be
needed. This topic needs further consideration.
2. A single inhomogeneity in an inﬁnite plane
The solution of the two-dimensional problem of a single isotro-
pic, linearly elastic, circular inhomogeneity perfectly bonded to the
surrounding inﬁnite, isotropic, linearly elastic matrix loaded at
inﬁnity (Fig. 3) can be found in many handbooks (see, for example,
the classical book by Muskhelishvili (1959)). We will use the solu-
tion for this problem in the form given in Mogilevskaya and Crouch
(2001).
We denote the elastic properties of the inhomogeneity as l1
(shear modulus) and m1 (Poisson’s ratio); the corresponding elastic
properties of the matrix are denoted as l and m. Let
z ¼ xþ iy ði ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
Þ be the complex coordinate of a point ðx; yÞ in
the global Cartesian coordinate system ðxOyÞ in a plane and let R
be the radius of the inhomogeneity and zc the complex coordinate
of its center. Using the solution from Mogilevskaya and Crouch
(2001), it can be shown that the exact solution for the complex
tractions rðzÞ ¼ rnðzÞ þ irsðzÞ, (where rnðzÞ and rsðzÞ are the nor-
mal and shear components) at the boundary L of a circle with
the center zc and radius r ðr > RÞ can be expressed via only three
terms of complex Fourier series:
rðzÞ ¼ A2ðrÞg2ðzÞ þ A0ðrÞ þ A2ðrÞg2ðzÞ; z 2 L ð1Þ
where
gðzÞ ¼ r
z zc ð2Þ
and the three coefﬁcients in expansion (1) are:
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r1yy  r1xx  2ir1xy
2
l=l1  1
jþ l=l1
R2
r2
 1
" #
ð3Þ
A0ðrÞ ¼
r1yy þ r1xx
2
1 l=l1ð1 j1Þ  ð1 jÞ
l=l1ð1 j1Þ  2
R2
r2
" #
A2ðrÞ ¼ 3
r1yy  r1xx þ 2ir1xy
2
l=l1  1
jþ l=l1
R2
r2
1 R
2
r2
 !
In the above formulae, j ¼ 3 4m ðj1 ¼ 3 4m1Þ in the plane strain
case whereas j ¼ ð3 mÞ=ð1þ mÞ;j1 ¼ ð3 m1Þ=ð1þ m1Þ in the plane
stress case, and r1xx; r1yy; r1xy are the stresses at inﬁnity.
There are several particular cases in which the number of non-
zero coefﬁcients in expansion (1) is further reduced. In a particular
case of a hydrostatic load ðr1yy ¼ r1xx;r1xy ¼ 0Þ; A2ðrÞ ¼ A2ðrÞ ¼ 0,
and A0ðrÞ is the only non-zero coefﬁcient in expansion (1). For
the plane strain case, A0ðrÞ can be re-written as
A0ðrÞ ¼
r1yy þ r1xx
2
1 1 K

1=K

1þ K1=l
R2
r2
" #
ð4Þ
where K1 and K
 are two-dimensional plane strain bulk moduli of
the inhomogeneity and the matrix, respectively.
The interrelations between two- and three-dimensional con-
stants for the plane strain case are (see e.g. Eischen and Torquato
(1993) and Thorpe and Jasiuk (1992)):
l ¼ l; m ¼ m=ð1 mÞ; K ¼ K þ l=3; E ¼ E=ð1 m2Þ ð5Þ
in which K and E are the three-dimensional bulk and Youngs’ mod-
ulus correspondingly and the sign ‘’ identiﬁes two-dimensional
quantities.
In a particular case of pure shear loading ðr1yy ¼ r1xx ¼ 0;r1xy–0
or r1yy ¼ r1xx;r1xy ¼ 0Þ; A0ðrÞ ¼ 0, and A2ðrÞ;A2ðrÞ are only two
non-zero coefﬁcients in expansion (1).
In another particular case l1 ¼ l, only two non-zero coefﬁ-
cients in expansion (1) are:
A2ðrÞ ¼ 
r1yy  r1xx  2ir1xy
2
ð6Þ
A0ðrÞ ¼
r1yy þ r1xx
2
1þ j j1
1þ j1
R2
r2
" #
Similarly, using the solution from Mogilevskaya and Crouch
(2001), one can express the complex displacements uðzÞ ¼
uxðzÞ þ iuyðzÞ on the boundary L via four terms of a complex Fourier
series:
2luðzÞ ¼ C1ðrÞgðzÞ þ C0ðrÞ þ C1ðrÞg1ðzÞ þ C3ðrÞg3ðzÞ; z 2 L
where
C1ðrÞ ¼ 
r1yy  r1xx  2ir1xy
2
r j
l=l1  1
jþ l=l1
R2
r2
þ 1
" #
ð7Þ
C0 rð Þ ¼ ðj 1Þzc
r1yy þ r1xx
4
 zc
r1yy  r1xx  2ir1xy
2
C1ðrÞ ¼
r1yy þ r1xx
2
r
j 1
2
þ l=l1ð1 j1Þ  ð1 jÞ
l=l1ð1 j1Þ  2
R2
r2
" #
C3ðrÞ ¼
r1yy  r1xx þ 2ir1xy
2
l=l1  1
jþ l=l1
R2
r
1 R
2
r2
 !
The coefﬁcients C0ðrÞ and C1ðrÞ are deﬁned up to some additional
terms that can be found by ﬁxing the rigid body translation and
rotation.3. Basic idea of the new technique
The basic idea of the technique is illustrated by Fig. 4a, and b.We
consider the cluster of N circular inhomogeneities or/and holes ar-
ranged in a pattern representative of the compositematerial (repre-
sentative pattern) embedded in an inﬁnite plane with the
properties of the material matrix (Fig. 4a). The sizes and the elastic
properties of the inhomogeneities within the cluster (their shear
moduli lj and Poisson’s ratios mj) may be arbitrary. Various types
of the conditions on the ﬁber/matrix interfaces (e.g. perfect bond,
homogeneously imperfect interfaces, uniform interphase layers,
Gurtin and Murdoch model) are allowed. The plane is then sub-
jected to an arbitrary load at inﬁnity. Using a semi-analytical solu-
tion for the corresponding problem of an inﬁnite plane containing a
cluster of non-overlapping, circular, elastic inhomogeneities, we
evaluate the tractions at the points ðM1;M2; . . . ;M2Kþ1Þ uniformly
distributed on the circle L1 with center zc coinciding with the center
of the cluster and radius R1 large enough (more details on the choice
of the radius R1 is given in Section 4) to surround the cluster of inho-
mogeneities, Fig. 4a. The corresponding solution procedures are
available inMogilevskaya and Crouch (2001, 2002, 2004) andMogi-
levskaya et al. (2008) for various types of the conditions on the ﬁ-
ber/matrix interfaces (perfect bond, homogeneously imperfect
interfaces, uniform interphase layers, Gurtin and Murdoch model).
We expand the tractions on the circular boundary L1 by a trun-
cated complex Fourier series as
rðzÞ ¼
XK
j¼K
AjðR1ÞgjðzÞ ð8Þ
and analyze the coefﬁcients AjðR1Þ; j ¼ K; . . . ;K . The fact that all
but three coefﬁcients ðA2ðR1Þ;A0ðR1Þ;A2ðR1ÞÞ in expansion (8) are
negligibly small (the location of point zc and the value of radius
R1 can be adjusted to assure this fact) indicates that the effect of
the cluster on the tractions on the boundary L1 is the same as the
effect of an equivalent inhomogeneity. In what follows we refer to
this as the ‘equivalent inhomogeneity effect’.
The rest of the algorithm is described below for four separate
cases:
Case 1. For at least one j, lj – l, the load is not hydrostatic or pure
shear.
In this case we evaluate the tractions at the points
ðM01;M02; . . . ;M02Kþ1Þ uniformly distributed on a circle L2 with the
center zc and radius R2 ðR2 > R1Þ, Fig. 4a, (in Section 4 we present
arguments for a proper choice of radii R1 and R2). Using an expan-
sion similar to (8) for r ¼ R2, we obtain the coefﬁcients
A2ðR2Þ; A0ðR2Þ;A2ðR2Þ.
Using the third of Eq. (3) for r ¼ R1 and r ¼ R2, we compute the
value of A2ðR1Þ=A2ðR2Þ. From this quotient, we compute the radius
R ¼ Reff of an equivalent inhomogeneity (Fig. 4b)
Reff ¼ R1R2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2ðR1ÞR21  A2 R2ð ÞR22
A2ðR1ÞR41  A2 R2ð ÞR42
s
ð9Þ
The expressions for the elastic properties of the equivalent elastic
inhomogeneity result from the similar operations performed on
the ﬁrst two of Eq. (3). They are:
leff ¼ l
1 a
1þ ja ð10Þ
meff ¼ 3 jeff4
where
jeff ¼ cðb 2Þ  b jþ 1bðc 1Þ ð11Þ
and a; b; and c are given by
eff
eff M1
M2
M ’2
M2k+1
M ’1
M ’2k+1
Z
R
R
R2
1
eff
c
L
1L
2
R
R M1 M1’2
1
M2
M ’2
M2k+1
M ’2k+1
L
1L
2
, ,
Zc
a b
Fig. 4. (a) The cluster of circular inhomogeneities into an inﬁnite plane and (b) the equivalent circular inhomogeneity.
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R2eff ½A2ðR2Þ=R21  A2ðR1Þ=R22
ð12Þ
b ¼ l=leff
c ¼ A0ðR1Þ  A0ðR2Þ
R2eff ½A0ðR1Þ=R22  A0ðR2Þ=R21
The effective two-dimensional bulk and Young moduli can be com-
puted from leff and meff in the usual fashion.
The volume ratio (or porosity) of the ‘-th phase of the compos-
ite material can be found as
f‘ ¼ S‘
pR2eff
ð13Þ
where S‘ is the area occupied by this phase. We emphasize again
that the volume fraction of phases is not given a priori and is found
in a course of the solution procedure.
For periodic composites, where the RUC is clearly identiﬁable,
the volume fraction f conv‘ is conventionally deﬁned as follows:
f conv‘ ¼
S‘
Scell
ð14Þ
where Scell is the area of the corresponding RUC. In our method,
employing the ﬁnite cluster of inhomogeneities embedded in an inﬁ-
nite matrix, this deﬁnition is not applicable and formula (13) is the
only rational way of determining the volume fraction. In Section 4
we explore the link between these two deﬁnitions of the volume
fraction.
We emphasize that considering case 1 (presented above) is suf-
ﬁcient to determine all transverse effective properties of the mate-
rial. However, in the sequel we consider three special cases, which
allow us to get additional veriﬁcation of our approach. Numerical
experiments reveal that in all of these cases, the results were virtu-
ally the same as those provided by case 1.
Case 2. For at least one j, lj – l and the load is pure shear.
In this case, the radius of the equivalent elastic inhomogeneity
Reff can be obtained using expression (9), and the effective shear
modulus leff can be obtained from the ﬁrst formula in expression
(10). Similarly as in experiments, the effective Poisson’s ratio meff
cannot be obtained by using this type of the load.
Case 3. For at least one j, lj–l and the load is hydrostatic.
In this case the analysis of expression (4) suggests that only the
combination f1ðReff ;Keff Þ ¼
1Keff =K
1þKeff =l
R2eff can be obtained from the
coefﬁcient A0ðrÞ. It means that the same value of tractions can beobtained by using different combinations of Reff and K

eff . We as-
sume that the value of Reff is such that the volume fraction given
by formula (13) provides actual value characterizing the material.
The value of Keff is then uniquely deﬁned from the values of
f1ðReff ;Keff Þ and Reff . Similarly as in experiments, it is impossible
to deﬁne both the effective shear modulus leff and effective Pois-
son’s ratio meff by using this type of the load.
Case 4. l1 ¼ l2 ¼    ¼ lN ¼ l.
In this case the effective shear modulus leff is equal to l . The
analysis of expressions (6) suggests that only the combination
f2ðReff ; meff Þ ¼ jjeff1þjeff R
2
eff can be obtained from the coefﬁcient A0ðrÞ.
This means that the same value of tractions can be obtained by
using different combinations of Reff and meff . As in the previous case
Reff is such that the volume fraction given by formula (13) provides
actual value characterizing the material. The value of meff is then
uniquely deﬁned from the values of f2ðReff ; meff Þ and Reff .
The case of equal shear moduli presents, in fact, a very powerful
benchmark example, as in this case the effective elastic constant
can be found exactly (Hill, 1964, Christensen, 1979). In particular,
the two-dimensional effective Poisson’s ratio obeys the law of mix-
tures (Thorpe and Jasiuk, 1992).
We mention parenthetically that Reff ;leff and meff can alterna-
tively be expressed via the displacements coefﬁcients C1ðrÞ;
C1ðrÞ;C3ðrÞ after the rigid body movements are ﬁxed. This may be
important in experimental settings because the kinematical vari-
ables are the only variables that can be measured.4. Numerical examples
In Section 1 we mentioned the capability of the method to mod-
el different types of conditions on the ﬁber/matrix interfaces (per-
fect bond, homogeneously imperfect interfaces, uniform
interphase layers) as well as model nano-scale inhomogeneities
based on the Gurtin and Murdoch model. To illustrate this capabil-
ity, three types of examples are presented.
The examples of the ﬁrst type are concerned with the ﬁbers per-
fectly bonded to the material matrix. Composites of this kind (both
periodic and random) are studied sufﬁciently well and the analyt-
ical and numerical solutions are available. These examples allow us
to test the new approach through the comparison with existing
benchmark solutions.
The example of the second type is concerned with the coated ﬁ-
bers. These ﬁbers are connected to the matrix through uniform
coaxial bands or interphases. The elastic properties of interphases
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er numerical results reported for those types of composites and
most of them are related to the ﬁbers arranged in square arrays.
Glass/epoxy composites with such arrangement of ﬁbers were ana-
lyzed by Wacker et al. (1998), Liu et al. (2000), Mogilevskaya and
Crouch (2004) and Wang et al. (2006). This arrangement leads to
anisotropic overall behavior even though isotropy is assumed, pri-
marily for computational convenience. Glass/epoxy composite
with hexagonal array of ﬁbers was studied in Lagache et al.
(1994). However, based on the results for a reference case of per-
fect bond presented in Lagache et al. (1994), we have found that
some of their results are not particularly accurate. Thus, we re-con-
sider this example by using the proposed approach.
The example of the third type deals with nano-scale compos-
ites. In such materials the interface effects are important – they
result in size-dependent material behavior. As mentioned in Sec-
tion 1, interface effects can be accounted for using the model
proposed by Gurtin and Murdoch (1975, 1978). In this model
the interface between kth inhomogeneity and the matrix is mod-
eled as a material surface of vanishing thickness adhering to the
bulk material without slipping and is characterized by the shear
modulus lk0, Lamé parameter kk0, and residual surface tension
rk0.
In the following examples, the equivalent inhomogeneity effect
was observed starting at the distance R1 ¼ 10Rcls, where Rcls is the
radius of the smallest circle that contains the cluster. At this dis-
tance the absolute values of all but three (two for the case 4 exam-
ples) coefﬁcients involved in expansion (8) were of the order of
108, while the three dominant coefﬁcients were of order 100.
Interestingly enough, the values of Reff , leff and meff obtained by
using this value of R1 (and the corresponding value of R2, such that
R2 > R1) were practically the same as those obtained by using
R1 ¼ 2Rcls, even though in the latter case the other coefﬁcients in-
volved in expansion (8) were not that small (e.g. some of them
were on order of only 103). It is so because, as we have veriﬁed
numerically, the elastic ﬁelds due the cluster and those due to
the equivalent inhomogeneity are virtually identical starting with
the distance about 2Rcls for all volume fractions and properties of
the constituents. This observation, indicating that the stress ﬁeld
at the distance approximately equal to the diameter of the cluster
is affected only by the average properties of the cluster, appears to
agree with the well-known Saint–Venant principle. Consequently,
the radii R1 and R2 (such that R2 > R1) should be larger than 2Rcls:
However, it is natural to expect that at very large distances from
the cluster, the information about its presence diminishes and
the elastic ﬁelds there are dominated by the load at inﬁnity. Thus,
to ﬁnd useful information about inﬂuence of the cluster, the radii
R1 and R2 (such that R2 > R1) have to be taken within certain prox-
imity to the cluster. We have found that the values of Reff , leff and
meff computed by using R1 and R2 as large as 100Rcls were stilla b
Fig. 5. Hexagonal array of ﬁbers: (a) 7 ﬁaccurate. As a result, we recommend the values of R1 and R2 > R1
be taken from the interval starting from about 2Rcls to about
100Rcls.
4.1. Perfect bond
4.1.1. Periodic composites
Consider three clusters of ﬁbers ðN ¼ 7; N ¼ 19; N ¼ 37Þ ar-
ranged in hexagonal arrays (Fig. 5a–c).
4.1.1.1. Equal shear moduli. Let us assume that the shear moduli of
the ﬁbers and the matrix are l1 ¼    ;lN ¼ l ¼ 1. The Poisson’s ra-
tios of the matrix and the ﬁbers are taken as m ¼ 0:35; and
m1 ¼    ; mN ¼ 0:2. Due to the symmetry of the problems the center
of the equivalent inhomogeneity zc is chosen to be located in the
center of symmetry of each cluster. For each cluster we solve
the problem of an inﬁnite plane containing this cluster and ﬁnd
the tractions on the circle L1 with center zc and radius R1. Varying
the value of Reff to provide the desired volume fractions (Reff for the
case of equal shear moduli can be chosen a priori, as explained at
the end of Section 3), we evaluated the two-dimensional effective
Poisson’s ratio for the corresponding volume fraction for each
cluster following the explanations at the end of Section 3. The
results did not depend on the loading conditions at inﬁnity. The
results are practically identical for all three cases and coincide with
the theoretical results (obtained from the law of mixtures) up to
nine signiﬁcant digits.
4.1.1.2. Non-equal shear moduli. Consider two material cases pre-
sented in Eischen and Torquato (1993) (‘‘material case 4” and
‘‘material case 2” ) and Helsing (1995). In both papers the RUC con-
cept was used, and the volume fraction of ﬁbers was predeﬁned. In
the material case 4 the shear moduli of the ﬁbers are l1 ¼
   ; lN ¼ 6:75 and in the material case 2 l1 ¼    ; lN ¼ 135. In
both cases the shear modulus of the matrix is l ¼ 1 while the Pois-
son’s ratios of the matrix and the ﬁbers are m ¼ 0:35 and
m1 ¼    ; mN ¼ 0:2.
We used our approach to evaluate the two-dimensional trans-
verse effective elastic constants. As in the previous example the
center of the equivalent inhomogeneity zc is chosen to be located
in the center of symmetry of each cluster. Unlike the previous
example, however, the radius Reff cannot be deﬁned a priori. For
each cluster we keep the centers of the ﬁbers at the same locations
(10 is the distance between the centers of the neighboring ﬁbers)
and vary their radii in the interval ð1 6 R 6 4:9Þ. Solving the corre-
sponding problem of an inﬁnite plane containing each cluster we
ﬁnd the tractions on the circles L1 and L2. The values of Reff ;leff and
meff were then deﬁned by using formulae (9)–(12). The volume
fraction was deﬁned using formula (13). The results for Reff ;
leff and meff again did not depend on the loading conditions atc
bers, (b) 19 ﬁbers and (c) 37 ﬁbers.
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cantly with the change in radii of the ﬁbers. For example, for
N ¼ 7 and material case 4 (Fig. 5a), Reff varied within the interval
(13.127,13.935) while the radius of the cluster Rcls (deﬁned as
the radius of the smallest circle that contains the cluster) varied
within the interval (11.0,14.9).
Fig. 6a–c presents the comparison of our results for N ¼ 7 with
those by Eischen and Torquato (1993). Their results for the two-
dimensional normalized effective shear and bulk moduli were con-
sistent with the results of Helsing (1995). Fig. 6a–b demonstrate
that our results for the normalized two-dimensional effective shear
and bulk moduli are in very good agreement with the ones pro-
vided in Eischen and Torquato (1993). Fig. 6c exposes some differ-
ences (particularly for the material case 2) in the values of the
effective two-dimensional Poisson’s ratio, which appear in the sec-
ond signiﬁcant digit. It also shows that our values of the effective
Poisson’s ratio depend on the porosity in a more smooth fashion
than those of Eischen and Torquato (1993). We believe that there
are two principal reasons for that. One is the different ways of
deﬁning the effective values of the two-dimensional bulk and
shear moduli in our approach and that of Eischen and Torquato
(1993), which results in small differences in those values. The sec-
ond reason is likely to be the fact that the effective two-dimen-a
c
Fig. 6. Comparison of the present results with tsional Poisson’s ratio in our case is computed in terms of the
two-dimensional effective bulk and shear moduli, and small
variations in those values may results in larger variations of the
Poisson’s ratio. Nevertheless, we believe that a few percent dif-
ferences in the values of the Poisson’s ratio can be acceptable,
given that they are obtained adopting fundamentally different
approaches and that the agreement for the effective bulk and shear
moduli is very good.
The solid line in Fig. 7a shows the link between the volume frac-
tions obtained for the material case 4 using formulae (13) and (14)
(in the latter case Reff was determined from the geometry); the
dashed line is the reference line that corresponds to the case when
both volume fractions are identical. It can be seen that the differ-
ence between these two deﬁnitions is small but evident. Fig. 7b
shows the normalized effective shear moduli as the functions of
the volume fractions obtained using both deﬁnitions. Again the dif-
ference is small, but noticeable. Similar behavior is observed for
the normalized effective two-dimensional bulk modulus. Our sim-
ulations with N ¼ 19 and N ¼ 37 show that with the increasing
number of inhomogeneities in the cluster, the volume fractions ob-
tained using formula (13) converges to that obtained using (14). It
is remarkable that the use of our deﬁnition of volume fraction (for-
mula (13)) for as small number of inhomogeneities in the cluster asb
he results by Eischen and Torquato (1993).
a b
Fig. 7. (a) The link between the volume fractions (dashed line corresponds to the case when both volume fractions are identical) and (b) the normalized effective shear
moduli vs. volume fraction (solid line-formula (13), dashed line-formula (14)).
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with those obtained for N ¼ 19 and N ¼ 37 and with the very accu-
rate benchmark results by Eischen and Torquato (1993) and Hel-
sing (1995) obtained by exploiting the periodicity of the
problem. Consequently, the results that we present from now on
are based on our deﬁnition of volume fraction (formula (13)).
4.1.2. Random composites
4.1.2.1. Equal shear moduli. Consider the cluster of randomly lo-
cated 34 ﬁbers shown in Fig. 8. The radii of the inhomogeneities
vary in the interval [1.0,1.1]. We assume that the shear moduli
of all the ﬁbers are the same as the shear modulus of the matrix
ðl1 ¼    ; lN ¼ l ¼ 1Þ. The Poisson’s ratios of the matrix and the
ﬁbers are m ¼ 0:35 and m1 ¼    ; mN ¼ 0:2. We check the degree of
anisotropy by solving two companion problems (uniaxial tension
at inﬁnity in either the x or y directions). The results for the coef-
ﬁcients in both cases coincided up to 11 signiﬁcant digits. The re-
sults for the two-dimensional effective Poisson’s ratio coincide
with the theoretical results (obtained by the law of mixtures) up
to eight signiﬁcant digits.
4.1.2.2. Non-equal shear moduli. Fig. 9 shows several randomly gen-
erated patterns of circular holes. Each pattern corresponds to a cer-
tain porosity that is found in the course of solution procedure.
Fig. 9 may represent a cut through a material with spherical ran-20
20
Fig. 8. The cluster of randomly located 34 ﬁbers.domly disperse particles as done in Avar et al. (2003) and Mogi-
levskaya et al. (2007). Such material can be considered isotropic.
Avar et al. (2003) used the ﬁnite-difference-based code FLAC
and in Mogilevskaya et al. (2007) used the boundary integral meth-
od combined with Fourier series. In both papers the RVE concept
was employed and the RVEs with the predeﬁned porosity were
generated. In Mogilevskaya et al. (2007) the RVE was embedded
in a ﬁctitious circular domain and the load on the pseudo-bound-
ary applied in such a way that the prescribed conditions on the
physical boundary of the RVE were satisﬁed in a least-squares
sense (see Wang et al. (2005) for more details). Mogilevskaya
et al. (2007) prescribed uniform vertical displacements along the
top edge of the RVE; the opposite edge was constrained in the ver-
tical direction but allowed frictionless sliding in the horizontal
direction. Two other sides of the RVE were assumed to be trac-
tion-free. In Avar et al. (2003), the load was applied as a displace-
ment velocity that was preassigned to the grid points at the top
and bottom of the mesh for each RVE and the horizontal move-
ments were constrained at these surfaces. These authors assumed
that the Poisson’s ratio of the matrix was equal to either 0.1, 0.2,
0.3 or 0.4. The corresponding shear moduli were obtained under
the condition that the Young’s modulus of the matrix is the same
in all cases ðE ¼ 69 MPaÞ. Avar et al. (2003) compared their numer-
ical results with the experimental ones and Mogilevskaya et al.
(2007) compared their results with those predicted by three effec-
tive medium theories.
The three-dimensional effective Poisson’s ratio obtained by
using the present approach is plotted in Fig. 10a as a function of
porosity for the case of m ¼ 0:2. The inﬂuence of the porosity on
the normalized three-dimensional effective Young’s modulus for
the same case is illustrated by Fig. 10b. The results are in agree-
ment with those reported in Avar et al. (2003) and in Mogilevskaya
et al. (2007).4.2. Uniform interphase layer
Consider the clusters of N ¼ 19 ﬁbers shown in Fig. 11. It is as-
sumed that each ﬁber has the radius of 8:5 lm. The thickness of
each interphase is 1:0 lm. We take the elastic properties of the
constituent materials (glass/epoxy composite) to be the same as
those reported in Lagache et al. (1994), where plane strain condi-
tions were assumed and four different Young’s moduli for the
Fig. 9. Examples of patterns of randomly distributed holes.
a b
Fig. 10. Effective Poisson’s ratio (a) and normalized effective Young’s modulus and (b) vs. porosity ðm ¼ 0:2Þ.
Fig. 11. Hexagonal array of ﬁbers with uniform interphases.
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follows:
Efiber ¼ 84:0 GPa; mfiber ¼ 0:22
Einterph ¼ 4:0—12:0 GPa; minterphase ¼ 0:34
Ematrix ¼ 4:0 GPa; mmatrix ¼ 0:34
8><
>: ð15Þ
Lagache et al. (1994) used the ﬁnite element formulation for the
periodic medium homogenization method (PMH), as well as for
two effective modulus methods (EMM1 and EMM2). In EMM1, dis-
placement conditions were imposed on a hexagonal RVE, while in
EMM2, stress conditions were imposed. Lagache et al. reported
the results for the effective three-dimensional Young’s modulus
416 S.G. Mogilevskaya et al. / International Journal of Solids and Structures 47 (2010) 407–418for the volume fraction of the ﬁbers equal to 0.5. In our approach,
we set the distances d between the centers of the ﬁbers to be equal
to 23:0 lm. The volume fractions f for this arrangement are ob-
tained in the course of the solution procedure using formulae
(13). The values of f are slightly different for different values of
Einterph, but all are close to the value 0.5 considered in Lagache
et al. (1994).
We used the 3D data of Lagache et al. (1994) to obtain 2D trans-
verse properties (due to the lack of data in Lagache et al. (1994) we
do not present the results for the EMM2 model).
As it can be seen from Table 1 our results are not particularly
close to those obtained by Lagache et al. (1994) using EMM1 ap-
proach, although they are not too far from those obtained by the
PMH method. In the case when Einterph ¼ 4 GPa, the interphase
has the properties of the matrix, which means that interphase layer
is not present. The problem parameters for this case are, in fact,
very close to those for ‘‘material case 3” reported in Eischen and
Torquato (1993). Indeed, by using our approach to solve two prob-
lems: one with the data provided by (15) with Einterph ¼ 4 GPa and
another one with the data provided by Eischen and Torquato for
‘‘material case 3”, we conﬁrmed that the solutions for these prob-
lems provided the values of Eeff=E

matrix and leff=lmatrix that differed
only in the third signiﬁcant digits. For the volume fraction of
f ¼ 0:5, Eischen and Torquato report Eeff=Ematrix ¼ 2:40, the PMH re-
sults by Lagache et al. give Eeff =E

matrix ¼ 2:42, while, for f ¼ 0:504,
our approach gives Eeff =E

matrix ¼ 2:41. It is clear that our results
are very close to those of Eischen and Torquato.
Although not included here, we have obtained volume fractions
and the effective properties for the same material based on the
clusters containing different number of coated ﬁbers (N ¼ 7 and
N ¼ 37). These results differed from those for N ¼ 19 only in the
third signiﬁcant digit. As in the case of the problems not involving
coated ﬁbers, we see that accurate results can be obtained even
with a cluster containing a minimal number of ﬁbers.
4.3. Gurtin and Murdoch (1975) model of material surface
In this example we consider a composite with surface/interface
effects modeled using Gurtin and Murdoch (1975) theory. In this
theory the displacement are continuous across the matrix/inhomo-
geneity interface, while the stresses undergo a jump governed by
the equilibrium equations of that interface
rinhkl  rmatkl ¼
@rsurk
@s
þ rk0x
sur
k
Rk
ð16Þ
rinhkn  rmatkn ¼ 
rsurk
Rk
þ rk0@x
sur
k
@s
ð17Þ
where rkl and rkn are the tangential and normal components of the
traction vector on the surface of kth inhomogeneity, s is the arc
length of the undeformed surface, rsurk is the surface stress, and
xsurk ¼ 
ukl
Rk
þ @ukn
@s
ð18ÞTable 1
Two-dimensional effective constants for the inhomogeneities with the interphases
arranged in hexagonal array.
Einterph Present method Lagache et al. ðf ¼ 0:5Þ
(GPa) f Eeff
Ematrix
veff E

eff
Ematrix
(PMH)
Eeff
Ematrix
(EMM1)
4 0.504 2.41 0.443 2.42 2.77
6 0.503 2.65 0.439 2.62 3.06
8 0.503 2.80 0.435 2.74 3.24
12 0.502 2.97 0.429 2.88 3.44In Eq. (18), ukl and ukn are the tangential and normal components of
the displacement vector on the surface. The surface stress rsurk is de-
ﬁned as (Gurtin and Murdoch, 1975; Mogilevskaya et al., 2008)
rsurk ¼ rk0 þ ð2lk0 þ kk0Þesurk ð19Þ
where esurk is the surface strain given by the following formula
esurk ¼
@ukl
@s
þ ukn
Rk
ð20Þ
Consider the clusters of N ¼ 7 holes arranged in hexagonal array as
the one shown in Fig. 5a. We assume that the matrix is anodic alu-
mina with shear modulus l ¼ 34:7 GPa and Poisson’s ratio m ¼ 0:3,
and that the holes have the same radii R. Two sets of data related to
the surface properties of alumina (set I: lk0 ¼ 6:2178 N=m; kk0 ¼
3:48912 N=m and set II: lk0 ¼ 0:3755 N=m; kk0 ¼ 6:842 N=m),
the same for all inhomogeneities, are taken from Miller and Shenoy
(2000). The surface tension rk0 is assumed to be negligible. We
choose this example to investigate the difference between the effec-
tive moduli leff and meff resulting from the use of the Gurtin and
Murdoch model and the ‘‘classical” effective elastic constants lclaseff
and mclaseff (which correspond to the case of the same arrangement
of holes without surface/interface effects).
Using the approach presented in this paper we evaluated the
effective elastic constant leff and meff . The normalized effective
shear modulus leff =l is plotted in Fig. 12a and b as a function of
the volume fraction for R ¼ 1 nm and R ¼ 10 nm, correspondingly.
It can be seen that this value is signiﬁcantly affected by surface
elasticity when the radii of the inhomogeneities are small
ðR ¼ 1 nmÞ. As expected, the inﬂuence of surface effects diminishes
as the radii of the inhomogeneities increase ðR ¼ 10 nmÞ. These re-
sults are in good agreement with those reported in Duan et al.
(2006) and those in Chen et al. (2007) (for the volume fractions re-
ported therein 0.2 and 0.3, correspondingly).
The results for the normalized two-dimensional effective Pois-
son’s ratio meff =m (Fig. 13a and b) exhibit similar dependence on
the radii of the holes and on the volume fraction as that found
for the shear modulus.5. Discussion and summary
We have demonstrated that the technique proposed in this pa-
per, which is based on the concept of equivalent inhomogeneity,
works equally well for periodic and random composites and vari-
ous interface conditions. For the cases that have been extensively
studied in the past and reliable analytical or numerical solutions
are available (perfectly bonded ﬁbers), excellent agreement is ob-
served. For problems existing solutions of which exhibit signiﬁcant
scatter (coated ﬁbers), we have demonstrated that our results are
likely to be more reliable. Finally, we have obtained new results
for the effective properties of a class of nano-scale composite
materials.
The proposed method has several attractive features that distin-
guish it from the approaches used to date in evaluating effective
properties of composite materials:
(i) Typically used RVE and RUC concepts require the solution of
corresponding boundary value problems in a ﬁnite domain
with prescribed tractions, or displacements, or using period-
icity conditions. The concept of ‘‘representative pattern” we
use in our analysis, while reﬂecting the structure of the ana-
lyzed composite material, does not comply with the descrip-
tion of RUC and RVE. We have documented that, even with
the clusters containing very few inhomogeneities, we obtain
highly accurate results and those results are independent of
the only conditions we did specify (those related to the load-
a b
Fig. 12. Normalized effective shear modulus vs. volume fraction (solid line – classical solution): (a) R ¼ 1 nm and (b) R ¼ 10 nm.
Fig. 13. Normalized two-dimensional effective Poisson’s ratio vs. volume fraction (solid line – classical solution): (a) R ¼ 1 nm and (b) R ¼ 10 nm.
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periodic or random manner (and checked for isotropy, if
needed), its arrangement will be imprinted in the solutions
far away from the cluster. Such concept will require signiﬁ-
cantly smaller number of inhomogeneities than needed in
RVE, and does not require periodic boundary conditions as
needed in RUC.
(ii) Solution of the problem in an inﬁnite domain is more effec-
tive than that for a ﬁnite domain because for the ﬁbers of cir-
cular cross-section semi-analytical solutions are available
for a variety of ﬁber/matrix interface conditions. We empha-
size that such solutions directly and fully account for all pos-
sible interactions between the inhomogeneities.
(iii) The approach eliminates the need for averaging either stres-
ses or strains because the concept of the equivalent inhomo-
geneity automatically provides the average values of both.
The effective material properties relate those two averages
to each other.
(iv) Only one numerical experiment is needed (Case 1, Section 3)
to compute all effective constants of the material.We believe that the high accuracy of our results has to do with
two main aspects of the approach. One aspect has to do with fact
that the elastic ﬁelds far away from the cluster of inhomogeneities
are, indeed, virtually the same as those for a single equivalent
inhomogeneity. The second aspect has to do with the deﬁnition
of the volume fraction. Without a priori speciﬁcation of the ﬁnite
volume containing the cluster of inhomogeneities, we deﬁne the
volume fraction as the ratio of the area occupied by the inhomoge-
neities to the area occupied by the equivalent inhomogeneity. We
showed that for the small number of inhomogeneities this value is
slightly different from that obtained by using the conventional def-
inition of volume fraction employed in the RVE and RUC concepts
(which contain the same cluster); nonetheless, highly accurate re-
sults were obtained using that deﬁnition. It is remarkable that
using our approach such high accuracy is obtained using a cluster
with relatively few inhomogeneities.
As mentioned in Section 1, the methodology presented in this
paper may have useful implications for experimental determina-
tion of the effective properties of composite materials. Our col-
leagues, using the ideas presented in this paper, conducted an
418 S.G. Mogilevskaya et al. / International Journal of Solids and Structures 47 (2010) 407–418experiment in which seven holes with the hexagonal arrangement
were drilled in a large homogeneous plate to simulate an inﬁnite
matrix. The plate was then loaded by using a conventional test
apparatus as described in Carvalho and Labuz (1996) and the
strains were measured at a few points located along a circle away
from the cluster. Those strain values were processed in a manner
analogous to the procedure used in the present paper. The experi-
ment provided the values of the effective transverse shear modulus
that were in good agreement with our analytical predictions and
well within available bounds. Uniaxial tension test is convention-
ally used to obtain the effective Young’s modulus, and requires a
specimen with large number of holes. Thus, the ability to obtain
good results with few holes and standard experimental setup ap-
pears to be a signiﬁcant improvement. The detailed description
of the experiments is the subject of the paper under preparation.
We believe that an experiment of similar kind will be of particular
value in studying overall behavior of nano-structures (with often
unknown interface properties) although special measuring tech-
niques would have to be used in this case.
We envision several possible extensions of the method:
1. The overall framework outlined in this paper can be modiﬁed to
evaluate the remaining three (out-of-plane) effective properties
of linearly elastic, multi-phase unidirectional composites. To
this end, a number of additional problems (e.g. generalized
plane strain problem with prescribed strain along the ﬁbers)
need to be solved.
2. The inhomogeneities of shapes other than circular can be con-
sidered if the corresponding problem of an inﬁnite plane con-
taining the cluster of inhomogeneities is solved by using the
conventional boundary element method rather than Fourier
series expansions. In the present method of computing the
effective properties only the elastic ﬁelds far away from the
cluster are needed and those ﬁelds obtained using the boundary
element method are known to be accurate.
3. The general methodology presented here is formally applicable
to composite materials exhibiting anisotropic behavior pro-
vided that the solution of a single inhomogeneity with corre-
sponding degree of anisotropy is available.
4. The solution of three-dimensional problems constitutes the
most natural extension of the present two-dimensional analy-
sis. In this case the concept of a spherical equivalent inhomoge-
neity will have to be employed.References
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